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Electrodynamics with a local and linear constitutive law is used as a framework for models vio-
lating Lorentz covariance. The constitutive tensor of such a construction is irreducibly decomposed
into three independent pieces. The principal part is the anisotropic generalisation of the standard
electrodynamics. The two other parts, axion and skewon, represent non-classical modifications of
electrodynamics. We derive the expression for the photon propagator in the Minkowski spacetime
endowed with a skewon field. For a relatively small (antisymmetric) skewon field, a modified Coulom
law is exhibited.
PACS numbers: 75.50.Ee, 03.50.De, 46.05.+b, 14.80.Mz
I. INTRODUCTION. MAXWELL EQUATIONS
IN LINEAR RESPONSE MEDIA
In Minkowski vacuum, the standard Maxwell electro-
dynamics is represented by a system of eight partial dif-
ferential equations
F[ij,k] = 0 , and F
ij
,j = J
i (1.1)
for six independent components of the antisymmetric
tensor Fij . Two tensors F
ij and Fij appearing here are
related by the use of the metric tensor
F ij =
1
2
(
gimgjn − gingjm)Fmn . (1.2)
The Lorentz and CPT invariance of Eqs.(1.1 – 1.2) is ex-
hibited in the fact that propagation of electromagnetic
waves in this system generates the perfect light cone
structure that is a fundamental expression of Minkowski
space-time geometry.
Modern field models, such as loop quantum gravity [1],
[2], string theory [3], [4] and the very special relativity
models [5], [6], often predict violation of the Lorentz and
CPT invariance.
The violation of the local Lorentz symmetry would also
violates the Einstein equivalence principle, In order to
test the Einstein equivalence principle and to incorporate
the Lorentz symmetry violation in electrodynamics. one
starts, see [7], [8], [9],[10], [11], with a generic extension
of the electromagnetic Lagrangian
L ∼ κijklFijFkl . (1.3)
Due to its definition, the phenomenological tensor χijkl is
antisymmetric in two pairs of its indices and symmetric
under the exchange of these pairs, χijkl = χklij . Alto-
gether, it is left with 21 independent components. For
most magnitudes of these parameters, the resulting field
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equations indeed have solutions with breaking CPT sym-
metry and doubled light cone structure (birefringence).
A similar approach was worked out in the wider con-
text of standard model called standard model extension
(SME), [12], and in gravity, [13]. Even in a relatively
simple case of electrodynamics, such construction is left
with a big set of undetermined phenomenological param-
eters. Moreover, a physical meaning of the individual
terms of the Lagrangian (1.3) and of the corresponding
phenomenological dimensionless coefficients remains un-
defined.
In this paper, we apply an alternative approach based
on a modified constitutive relation instead of a modi-
fied Lagrangian. In other words, we are dealing with a
non-trivial vacuum as a type of a medium and thus ap-
ply some constructions familiar from solid state physics.
In order to extend the vacuum system (1.1–1.2) to a
non-trivial medium, it is modified in the following way,
[14], [15]: One considers two antisymmetric tensors – the
field strength Fij and the excitation H
ij . The field equa-
tions for this system are assumed to be of the standard
Maxwell form:
F[ij,k] = 0 , and H
ij
,j = J
i . (1.4)
Instead of the trivial relation (1.2), a generic linear local
constitutive relation between two tensor fields,
Hij =
1
2
χijmnFmn , (1.5)
is postulated. Since the metric tensor is not involved in
Eqs.(1.4–1.5), this approach is often referred to as pre-
metric electrodynamics. The construction presented by
Eqs.(1.4–1.5) allows to describe different types of equiva-
lence principle violation models [7], and Lorentz violation
models in electrodynamics [10], [11]. It is wide enough to
include in a natural way the vacuum birefringence [16],
[17], the axion construction [7], [18], [19], [20], [21] and
some special types of Finsler geometry [22], [23]. Re-
cently an intensive theoretical study of wave propagation
in the system (1.4–1.5) was provided, see [24], [25], [26],
[27], [28], [29], [30]. An important output of this analysis
is a proof that in the linear response system (1.4–1.5), the
2generalized Fresnel hypersurface (dispersion relation) is
quartic in general. Thus birefringence turns out to be a
generic property of these models.
In (1.5), the constitutive tensor χijmn is not restricted
by the pair interchanging symmetry, i.e., χijmn 6= χmnij ,
in general. Consequently, χijmn has 36 independent com-
ponents, i.e, 15 extra components relative to the Kost-
elecky tensor κijmn. This additional set of components
forms a GL(4)-irreducible part of the constitutive tensor,
called skewon, [15]. It is a main object of our current con-
sideration.
In the pioneer work of Obukhov and Hehl [31], vari-
ous types of the skewon media with the corresponding
dispersion relations were outlined. In [32], we presented
a new form of dispersion relation in the skewon sector
of the premetric electrodynamics and derive some new
features of this model, such as superluminal wave prop-
agation and Higgs-type symmetry breaking. The analysis
given in [31], [32], [33], [34], and [36] was restricted to
the wave propagation problems, i.e., to the vacuum case.
In the present paper, we extend this analysis to the non-
empty regions and derive the explicit expression of the
skewon modified photon propagator (Green’s function in
the momentum representation). This tensor is important
for a description of the interaction between waves and
charges and for an account of the quantum effects. Usu-
ally, the propagator tensor in Lotents violation models is
derived from the Lagrangian, see [37],[38], [39]. Since ske-
won represents the non-Lagrangian sector of the model,
this method is not available in our case. Instead, we use
an algebraic technique based on the notion of the second
adjoint tensor, see [21], [40]. The skewon propagator is
shown to have an ordinary form of the second order ten-
sor that is singular on the doubled lightcone. Due to the
anisotropic property of the skewon field, the propagator
has a non zero antisymmetric part. We derive the expres-
sions in the Feynman, Landau and Coulomb gauge. We
apply the latter type of propagator for derivation of the
skewon modification of the Coulomb law. The ellipsoidal
equipotential surfaces in this case represent the violation
of the isotropy in antisymmetric skewon model.
The organization of the paper is as follows. In the next
section, we present the geometric optic approximation of
the model (1.4–1.5). As a result, we arrive in a system
of algebraic equations for the electromagnetic potential.
The coefficients of this system are linear in the constitu-
tive tensor components and quadratic in the wave covec-
tor. On the tangent bundle, these coefficients compose
a second order tensor that we call optic tensor. In sec-
tion 3 we define the photon propagator and derive its
generic expression for the case of Maxwell’s system with
a generic linear constitutive relation defined on a met-
ric space. In section 4, we derive the explicit expression
of the photon propagator for the case of a medium with
a simplest Minkowski principal part but a most generic
skewon part. Application of this formalism for specific
examples of antisymmetric skewon is presented in section
5. Here we derive a specific example of the skewon mod-
ified Coulomb law. In the conclusion section, we discuss
some extensions of our construction. Certain relevant al-
gebraic facts and some explicit matrix calculations are
given in Appendix.
II. CHARACTERISTIC SYSTEM AND
DISPERSION RELATION
In order to discuss the solutions of the system (1.4)–
(1.5), we start with the ansatz
Fij = (1/2) (Ai,j −Aj,i) . (2.1)
that solves the homogeneous equation in terms of vector
potential. Substituting (1.5) and (2.1) into the second
equation of (1.4), we have
(
χijmnAm,n
)
,j
= J i . (2.2)
Now we apply the geometric optics approximation. First
we assume the tensor χijmn to be a slowly varying func-
tion of the coordinates with respect to the fast varying
function Am. Consequently, Eq.(2.2) is approximated as
χijmnAm,nj = J
i . (2.3)
Using the Fourie transforms of the current
J i(x) =
∫
ji(q) exp
(
iqkx
k
)
d4q , (2.4)
and of the potential
Am(x) =
∫
am(q) exp
(
iqkx
k
)
d4q , (2.5)
we obtain from Eq.(2.3) the characteristic system
(
χijmnqjqn
)
am = j
i . (2.6)
In the following, it is convenient to use the notation
M im = χijmnqjqn . (2.7)
We refer to M ij as the optic tensor. It is analogous
to the acoustic (Christoffel) tensor of elasticity theory.
Consequently, we rewrite Eq.(2.6) in the form of a gen-
eral system of four linear equations for four independent
variables
M imam = j
i . (2.8)
The basic feature of this system is that the matrix M is
singular and thus for given functions M im(q) and ji(q),
the solution am to Eq.(2.8) is not unique. Indeed, we
immediately observe from Eq.(2.7) two linear relations
M ijqj = 0 , and M
ijqi = 0 . (2.9)
Being trivial consequences of the symmetries of χijmn,
these relations nevertheless reflect the basic physical facts
of electromagnetism:
3(i) The first relation of Eq.(2.9) expresses the gauge
invariance of our system: If am is a solution of
Eq.(2.8) then am + Cqm is also a solution. This
symmetry is an algebraic expression of the gauge
invariance of the electromagnetic potential Ai →
Ai + ∂iϕ.
(ii) The second relation of Eq.(2.9) corresponds to the
electric charge conservation law. Indeed, the mul-
tiplication of both sides of Eq.(2.8) by qi yields
jiqi = 0. It is an algebraic expression of the charge
conservation law J i,i = 0.
Now we use the following algebraic fact (see [27] for the
proof): For a tensor M ij satisfying the relations (2.9),
the adjoint tensor Aij = adjM is proportional to the
tensor square of the covector qi, i.e.,
Aij = λ(q)qiqj . (2.10)
Here λ(q) is a fourth order homogeneous polynomial of
the wave covector qi. We recall that a polynomial is
called homogeneous of the order r if for every constant
C it satisfies λ(Cq) = Crλ(q). Since the adjoint matrix
is constructed from the determinants of 3 × 3 matrices,
λ(q) is a third-order homogeneous polynomial of the con-
stitutive tensor χ.
In source-free regions where J i = 0, a non-trivial so-
lutions to Eq.(2.8) exist only if Aij = 0. Consequently,
Eq.(2.10) yields the dispersion relation for the electro-
magnetic waves in the form
λ(q) = 0 . (2.11)
In the Minkowski case, Eq.(2.11) reads
(
gijqiqj
)2
= 0. It
yields the standard Lorentz light cone gijqiqj = 0.
III. PROPAGATOR FOR LINEAR RESPONSE
MEDIA
In this section, we study solutions of the system (2.8)
in a region where J i 6= 0. These solutions are repre-
sented by the Green functions (Green tensors). We use
the momentum-space representation similar to the usu-
ally used in quantum field theory and refer to Green func-
tions as photon propagators.
A. The propagator tensor and its gauge
transformations
A formal solution of the linear system in Eq.(2.8) can
be written as
ai = Dikj
k . (3.1)
The tensor Dik is called the propagator tensor. In stan-
dard quantum electrodynamics based on the Minkowski
constitutive tensor, it suffices to consider symmetric
propagators, Dik = Dki. We will see, however, that in
the case of a generic linear constitutive relation, the prop-
agator tensor is asymmetric. Notice that the antisym-
metric part of the photon propagator is already derived
in the axion model [21].
Any second order tensor can be decomposed into sym-
metric and antisymmetric parts:
Dij = Dˇij + D˜ij . (3.2)
Here the symmetric part is denoted by
Dˇij = D(ij) = (1/2) (Dij +Dji) , (3.3)
while the antisymmetric part is denoted by
Dˇij = D[ij] = (1/2) (Dij −Dji) . (3.4)
Evidently,
Dˇij = Dˇji , D˜ij = −D˜ji . (3.5)
In standard electrodynamics, propagator has only the
simplest symmetric scalar part Dij ∼ Dgij . Since the
diagonal Minkowski metric is considered, it means the
vectors ai and ji are proportional one to another. In
particular, static charge creates an electric field only, and
no magnetic. Additional terms in the propagator tensor
must exhibit a richer class of phenomena.
Due to the electric charge conservation, qkj
k = 0, the
propagator Dik in Eq.(3.1) is defined only up to an addi-
tional term proportional to qk. Also a term proportional
to qi can be freely added to Dik. It is due to the gauge
invariance of the potential, ai → ai+Cqi. Consequently,
we arrive to the generic gauge transformation of the prop-
agator
Dik → Dik + qiφk + qkψi . (3.6)
Here φk and ψi are arbitrary functions of the wave cov-
ector qi. We recall that for an ordinary symmetric prop-
agator, the transformation (3.6) is used with only one
arbitrary function, i.e., the relation φi = ψi is assumed.
When φk and ψi are treated as covectors, we obtain in
(3.6) a Lorentz invariant gauge transformation. Alterna-
tively, in some situations, it may be advantageous to use
a non-invariant Coulomb-type gauge. In this case, some
components of φk and ψi are treated as fixed or even
equal to zero.
We write the gauge transformation laws for the sym-
metric and antisymmetric parts separately
Dˇik → Dˇik + qiρk + qkρi , (3.7)
and
D˜ik → D˜ik + qiσk − qkσi . (3.8)
Here,
ρk = (1/2)(φk+ψk), and σk = (1/2)(φk−ψk) . (3.9)
4B. Feynman, Landau and Coulomb propagators
The transformation relations (3.6) may be used for
simplification the expressions of the propagator.
1. Feynman propagator
Starting with an arbitrary propagator Dik and choos-
ing certain special functions for ψk and φi, we can freely
remove from Dik all the terms proportional to qi and qk.
In a correspondence with the usual practice, we will call
such simplest propagator, without longitudinal compo-
nents, as the Feynman propagator and denote it as FDik.
We denote by FDˇik its symmetric part, and by
FD˜ik its
remaining antisymmetric part.
2. Landau propagator
The Landau propagator is defined to be purely trans-
verse, i.e., Dikq
k = 0. Notice that Feynman’s and Lan-
dau’s propagators are both covariant. In asymmetric
case, the generalization of the Landau-gauge propagator
LDik is naturally to define by two independent conditions
LDikq
k = 0 , LDikq
i = 0 . (3.10)
These equations are equivalent to two separate conditions
for symmetric and antisymmetric parts respectively
LDˇikq
k = 0 , LD˜ikq
k = 0 . (3.11)
The Landau propagator can be derived by the gauge
transformation from the Feynman propagator. For the
purposes of the derivation, it is convenient to deal with
the symmetric part LDˇik and antisymmetric part
LD˜ik
separately.
For the symmetric part of the Landau propagator, we
write
LDˇik =
FDˇik + qiφk + qkφj . (3.12)
We use the first gauge condition of (3.11) to get
FDˇikq
k + qi(q, φ) + q
2φi = 0 . (3.13)
Multiplying two sides of this equation by qi, we obtain
(q, φ) = − ∆
2q2
, where ∆ = FDmnq
mqn . (3.14)
Consequently, Eq. (3.13) yields
φi = −FDˇik q
k
q2
+
∆
2q4
qi . (3.15)
From Eq.(3.12), the symmetric part of the Landau prop-
agator is expressed now as
LDˇik =
FDˇik−
(
FDˇimqk +
FDˇkmqi
) qm
q2
+
∆
q4
qiqk . (3.16)
For the antisymmetric part of the propagator, we write
LD˜ik =
FD˜ik + qiψk − qkψi . (3.17)
Contracting with qk, we obtain
LD˜ikq
k = FD˜ikq
k + qi(ψ, q)− q2ψi = 0 . (3.18)
This algebraic equation for ψ yields (ψ, q) = 0. Conse-
quently, we obtain now
ψi =
FD˜ik
qk
q2
. (3.19)
Hence, the relation between the antisymmetric parts of
the Feynman and Landau propagators is given by
LD˜ik =
FD˜ik +
(
FD˜kmqi − FD˜imqk
) qm
q2
. (3.20)
The sum of the right hand sides of Eqs.(3.16, 3.20) yields
finally the expression of the Landau propagator in term
of the Feynman one
LDik =
FDik−
(
FDimqk +
FDmkqi
) qm
q2
+
∆
q4
qiqk . (3.21)
It is straightforward to check for this expression the iden-
tities LDikq
i = 0 and LDikq
k = 0.
3. Coulomb propagator
In static electromagnetic problems, it is useful to use
a propagator that is covariant only under the group
SO(3) of 3-dimensional rotations. We denote such
Coulomb-gauge propagator as CDij . We use the (1 + 3)-
decomposition of the wave vector as
qi = (ω, kα) , q
i = (−ω, kα) . (3.22)
Here and in the sequel, the Greek indices take values in
the range {1, 2, 3}. We use the standard Minkowski met-
ric in the Cartesian coordinates gij = diag(−1, 1, 1, 1).
In the case of an asymmetric propagator, it is natu-
ral to extend the standard Coulomb gauge condition,
CDiµk
µ = 0, to a pair of two separate conditions for
symmetric and skew-symmetric parts respectively,
CDiµk
µ = 0 , CDµik
µ = 0 , (3.23)
or, equivalently,
CDˇiµk
µ = 0 , CD˜iµk
µ = 0 . (3.24)
Let us start with the symmetric part, CDˇiµ. Using the
transformation law (3.7), we write
CDˇik =
FDˇik + qiρk + qkρi , (3.25)
The first equation of (3.24) yields
CDˇiµk
µ = FDˇiµk
µ + qi(k, ρ) + ρik
2 = 0 . (3.26)
5Here we use three dimensional notations: k2 = kαk
α and
(k, ρ) = kαρα. For i = 0, we have in Eq.(3.26)
FDˇ0µk
µ + ω(k, ρ) + ρ0k
2 = 0 , (3.27)
and, for i = α,
FDˇαµk
µ + kα(k, ρ) + ραk
2 = 0 . (3.28)
Multiplying the latter equation by kα we derive
(k, ρ) = − D
2k2
, where D = FDαβk
αkβ . (3.29)
Consequently, Eqs.(3.27,3.28) yield
ρ0 =
ωD
2k4
−
FDˇ0µk
µ
k2
, (3.30)
and
ρα =
kαD
2k4
−
FDˇαβk
β
k2
. (3.31)
Substituting (3.30) and (3.31) into Eq.(3.7) we obtain for
the symmetric part of the Coulomb propagator
CD00 =
FD00 +
ω2D
k4
− 2
FDˇ0µωk
µ
k2
, (3.32)
CDˇ0β =
FDˇ0β+
ωkβD
k4
− k
µ
k2
(
FDˇβµω +
FDˇ0µkβ
)
, (3.33)
and
CDˇαβ =
FDˇαβ +
kαkβD
k4
− k
µ
k2
(
FDˇαµkβ +
FDˇβµkα
)
.
(3.34)
We consider now the skew-symmetric Coulomb prop-
agator. Due to the transformation law (3.7), it can be
written as
CD˜ik =
FD˜ik + qiσk − qkσi , (3.35)
In (1 + 3)-notations, it reads
CD˜0α =
FD˜0α + ωσα − kασ0 , (3.36)
and
CD˜αβ =
FD˜αβ + kασβ − kβσα . (3.37)
The solution of the Coulomb gauge condition D˜iµk
µ = 0
with the expressions (3.36) and (3.37) substituted is not
unique (a term proportional to kα can be freely added
to σα). But, for our purposes, we need only a partial
solution. We observe that
σ0 =
FD˜0βk
β
k2
, σα =
FD˜αβk
β
k2
. (3.38)
is one of such solutions. Consequently we get the skew-
symmetric part of the Coulomb propagator
CD˜0β =
FD˜0β +
kµ
k2
(
FD˜βµω − FD˜0µkβ
)
, (3.39)
and
CD˜αβ =
FD˜αβ +
kµ
k2
(
FD˜βµkα − FD˜αµkβ
)
. (3.40)
C. Propagator of a generic linear response system
In order to derive the expression for Dik for the sin-
gular system (2.8) we will use the second adjoint of the
matrixM ij . It comes instead of the ordinary first adjoint
(a factor of the inverse matrix) used for the regular sys-
tems. Please note that the adjoint tensors can be defined
for any tensor and this concept does not require a metric
structure. In Appendix A, we provide formal definitions
and basic formulas related to the first and the second ad-
joint tensors. Recall that the first adjoint of a (2, 0)-order
tensor M ij is expressed by a (0, 2)-order tensor Aij . The
full contraction of these two tensors is proportional to
the determinant of the matrix, M ijAjk ∼ detM . The
second adjoint of a (2, 0)-order tensor M ij is expressed
by a (0, 4)-order tensor Bijkl. Its contraction with the
tensor M ij is proportional to the first adjoint Aij , see
(A12).
Our goal is to derive the solution am of the singular sys-
tem (2.8). It is instructive to recall how one deals with a
similar regular systemM ikak = j
i in basic linear algebra.
First one multiplies both sides of this equation by the ad-
joint matrix Aki = adj(M). Due to the Laplace identity
(A4), one remains with the equation (detM) ai = Aikj
k
For the invertible matrix M , the unique solution is ob-
tained by dividing both sides of the equation by the scalar
factor detM , i.e. by forming the inverse matrix. In our
case, the above procedure does not work because the ma-
trix is not invertible, i.e., detM = 0.
For a singular system, we apply a similar procedure
but with the use of the second adjoint Bijkl instead of the
first adjoint Aij . We multiply two sides of the equation
M ijaj = j
i (3.41)
by Birks to obtain
BirksM
ijaj = Birksj
i . (3.42)
Applying the second order Laplace expansion (A12), we
rewrite this equation as
Arsak −Arkas = Birksji . (3.43)
Substituting here the expression for the adjoint (2.10),
we obtain
λqr(qsak − qkas) = Birksji . (3.44)
The problem now is to extract the potential ai from this
equation. In [40], we provide a metric-free procedure
based on the homogeneity of our algebraic equation. In
the presence of the metric structure, the problem can
be solved much simpler. First we multiply both sides of
Eq.(3.44) by the metric tensor grs and use the Lorenz
gauge condition asq
s = 0. Consequently, Eq.(3.44) takes
the form
λqrqjas = −Bijrsji . (3.45)
6Contracting now two sides of this equation with the use
of the metric tensor, we remain with
ak =
1
λq2
grsBirksj
i . (3.46)
This expression can be made to satisfy the Lorenz gauge
condition by adding a term of the form Cqk with a spe-
cially chosen scalarC. Since we are interested in a generic
propagator and remember the propagator gauge freedom
(3.6), we do not need to redefine the potential. It is in-
structive to check our solution (3.46) by substituting it
into the original equation (3.41). We calculate
Mpkak =
1
λq2
grsMpkBirksj
i . (3.47)
Using the rule (A12), we obtain
Mpkak =
1
λq2
grs (δpiArs − δprAis) ji . (3.48)
Substituting here the expression for the adjoint (2.10),
we get
Mpkak =
1
q2
grs (δpi qrqs − δprqiqs) ji . (3.49)
Using the charge conservation equation jkqk = 0, we ob-
tain in the right hand side of Eq.(3.49) the p-th compo-
nent of the current jp. Thus (3.46) indeed represents a
solution to Eq.(3.41). Even if it is only a special solution,
the whole set of solutions can be readily reinstated by the
gauge transformation of the potential.
From Eq.(3.46), we extract the propagator tensor
FDij =
1
λq2
Bmijm . (3.50)
This expression is derived by removing the longitudinal
terms, thus it must be treated as the Feynman-type prop-
agator. Since the tensor Bmijm is quadratic in the entries
of the matrixMij , it is a homogeneous fourth order poly-
nomial in the components of qi. Also λ is a homogeneous
fourth order polynomial in qi. Consequently the propa-
gator FDij ∼ q−2 as the ordinary non-modified photon
propagator. From (3.21), we conclude that the Landau-
type propagator has the same behavior LDij ∼ q−2.
IV. PROPAGATOR FOR SKEWON MEDIA
In this section, we calculate the propagator (3.50) for a
special case of a linear response medium – the Minkowski
vacuum modified by a generic skewon field.
A. Optic tensors and skewon covector
The general constitutive tensor satisfies the symmetry
relations
χijmn = −χjimn = −χijnm , (4.1)
and thus has 36 independent components. Under the
action of the general linear group GL(4,R), this tensor
is uniquely irreducibly decomposed into the sum of three
independent pieces [15],
χijkl = (1)χijkl + (2)χijkl + (3)χijkl . (4.2)
The principal part of 20 independent components is
expressed as
(1)χijkl =
1
6
(
2χijkl+2χklij−χiklj−χljik−χiljk−χjkil
)
.
(4.3)
It is a generalization of the standard Minkowski factor
(1)χijklM = g
ikgjl − gilgjk . (4.4)
appearing in (1.2). Two additional parts in (4.2) do not
have classical analogs.
The axion part (3)χijkl is represented by the complete
antisymmetrization of χijkl in all its four indices. This
pseudotensor has only one independent component. Con-
sequently, it is represented by a pseudoscalar α,
(3)χijkl = χ[ijkl] = αεijkl . (4.5)
It is a rather popular object in modified electrodynamics.
The skewon part (2)χijkl of 15 independent components
is expressed as
(2)χijkl =
1
2
(
χijkl − χklij) . (4.6)
It is a primary object of our interest in the current paper.
In order to clarify the skewon contribution to electrody-
namics, we will assume the principal part to be of the
classical Minkowski form (4.4). Moreover, we assume
the flat Minkowski metric gij = diag(−1,+1,+1,+1).
Note that in a more general case of electrodynamics on
a curved pseudo-Riemann manifold, (1)χijkl must be en-
dowed with a factor
√−g. In our case, this factor is equal
to 1 and thus omitted.
With the constitutive tensor decomposed into the three
independent pieces (4.2), we obtain the optic tensor de-
composed into two parts
M ij = P ij +Qij . (4.7)
Here the principal part of the optic tensor is given by
P ij = (1)χimjnqmqn , (4.8)
while the skewon part is
Qij = (2)χimjnqmqn . (4.9)
The axion part drops out from the optic tensor. Conse-
quently, in the framework of geometric optics approxima-
tion, axion does not contribute to the dispersion relation
and to the photon propagator.
The contributions of the principal and skewon parts to
the optic tensor are of very special forms. In particular,
7the principal part builds up the symmetric optic tensor
while the skewon optic tensor is skew-symmetric
P ij = P ji , Qij = −Qji , (4.10)
Moreover, both these matrices are singular. Indeed, we
evidently have the identities
P ijqi = 0 , Q
ijqi = 0 , (4.11)
that mean linear relations between the rows and the
columns of the corresponding matrices.
For the antisymmetric tensor Qij , we can derive from
(4.11) a simple representation, see [32]. Indeed, the ex-
pression
Qij = εijkmqjYm , (4.12)
with an arbitrary covector Ym satisfies the second equa-
tion of (4.11). For a given tensor Qij , the skewon cov-
ector Ym is determined from (4.12) only up to an ad-
dition of a covector proportional to the wave covector,
Ym → Ym + Cqm. This is an independent gauge invari-
ant property, that can be used for simplification of the
calculations, see [33].
We consider the special Minkowski principal part (4.4).
In this case, Eq. (4.8) yields
P ij = gijq2 − qiqj . (4.13)
The skewon part, however, is left to be of the generic
form.
B. First adjoint
In this sub-section we present the first adjoint of the
tensor M ij with the Minkowski symmetric part given in
Eq.(4.13) and the skewon antisymmetric part represented
in Eq.(4.12).
It is convenient to start with a more general case with
arbitrary principal and skewon parts. In this case, the
first adjoint tensor can be expressed as,
Aij = (λ0 + P
mnYmYn) qiqj , (4.14)
see [32] for details and proofs. Here the term λ0qiqj is
the adjoint of the principal part matrix P ij alone. Con-
sequently, the λ-term for the skewon modified media is
given by
λ = λ0 + P
mnYmYn . (4.15)
For source-free regions with ji = 0, a non-trivial solution
(electromagnetic wave) exists if and only if the adjoint
is equal to zero. This condition represents the dispersion
relation that in our case takes the form
λ0 + P
mnYmYn = 0 . (4.16)
For the Minkowski principale part (4.4) with the tensor
P ij given in Eq.(4.13), the λ-term (4.15) takes a simple
form [32]
λ = q4 − Y 2q2 + (Y, q)2 . (4.17)
The dispersion relation, in this case, is represented by a
4-th order homogeneous equation
q4 − Y 2q2 + (Y, q)2 = 0 . (4.18)
C. Second adjoint
We calculate now the second adjoint of the optic tensor
M ij . Substituting the decomposition of the constitutive
tensor (4.7) into the expression for the second adjoint
Bijkl =
1
2!
εijabεklcdM
acM bd . (4.19)
we obtain it decomposed into a sum of three pieces
Bijkl =
(1)Bijkl +
(2)Bijkl +
(3)Bijkl , (4.20)
Here, (1)Bijkl denotes the P
2-term expressed as
(1)Bijkl =
1
2!
εijmnεklrsP
mrPns , (4.21)
Substituting here the expression (4.13) we calculate, see
Appendix B,
(1)Bijkl = q
2 (qiqkgjl − qjqkgil + qjqlgik − qiqlgjk) .
(4.22)
The contraction of this expression reads
(1)Bijklg
jk = − (q2gil + 2qiql) q2 . (4.23)
This is an expression related to the standard electrody-
namics. The term (2)Bijkl represents the mixed PQ-
contribution
(2)Bijkl = εijmnεklrsP
mrQns . (4.24)
Calculations provided in Appendix B give
(2)Bijkl = (εijmkql − εijmlqk)
(
Y mq2 − qm(q, Y )) .
(4.25)
The contraction of this expression yields
(2)Bijklg
jk = −εijmlY mqjq2 . (4.26)
The third term (3)Bijkl represents the pure skewon con-
tribution
(3)Bijkl =
1
2!
εijmnεklrsQ
mrQns , (4.27)
Its computation in Appendix B yields
(3)Bijkl = (qiYj − qjYi)(qkYl − qlYk) , (4.28)
The contraction of this expression reads
(3)Bijklg
jk = (q, Y )(qiYl+qlYi)−q2YiYl−Y 2qiql . (4.29)
8D. Propagator
Substituting (4.23,4.26) and (4.29) into the formula
(3.50) we obtain the propagator tensor
Dij = − 1
λq2
( (
q2gij + 2qiqj
)
q2 + εikmjq
kY mq2 +
q2YiYj + Y
2qiqj − (q, Y )(qiYj + qlYj)
)
. (4.30)
We can simplify this expression by applying the gauge
invariance of the propagator. In order to have the Feyn-
man propagator, we merely remove from this expression
all the terms proportional to the components qi and qj .
Consequently, the q2 factor in the denominator cancels
out and we are left with the following compact expression
for the Feynman propagator
FDij = − 1
λ
(
gijq
2 + εikmjq
kY m + YiYj
)
. (4.31)
Explicitly, it reads
FDij = −gijq
2 + εikmjq
kY m + YiYj
q4 − q2Y 2 + (q, Y )2 . (4.32)
The Landau propagator also takes a simple form
LDij = −
(
gijq
2 − qiqj
)
+ εikmjq
kY m + YiYj
q4 − q2Y 2 + (q, Y )2 . (4.33)
Observe some basic properties of these propagators:
(1) For the vanishing skewon field, the propagators re-
turn to their standard vacuum form
FDij = −gij
q2
, LDij = −gijq
2 − qiqj
q4
. (4.34)
The same is true also for the non-zero but physi-
cally trivial skewon covector Yi ∼ qi.
(2) Skewon propagator has nontrivial symmetric and
antisymmetric parts. In the case of the Feynman
gauge, they are expressed as
FD(ij) = −
gijq
2 + YiYj
q4 − q2Y 2 + (q, Y )2 , (4.35)
and
FD[ij] = −
εikmjq
kY m
q4 − q2Y 2 + (q, Y )2 , (4.36)
respectively.
(3) The propagator is singular in at most four roots
of the denominator. As a result, there are at most
two light cones at every space-time point – birefrin-
gence.
(4) If the skewon covector Yi is regular in q then in the
first order approximation for a small skewon field
FD(ij) = −
gij
q2
, FD[ij] = −
εikmjq
kY m
q4
. (4.37)
Thus, the small skewon field affects only the anti-
symmetric part of the propagator.
V. SKEWON AND MODIFIED COULOMB LAW
Since skewon modifies the propagator expression, it
is naturally to expect the corresponding modification of
the basic electrodynamics relationships, in particular, the
Coulomb law. In order to describe such modification, we
need an expression of propagator in the Coulomb gauge.
A. Skewon propagator in the Coulomb gauge
Since we are dealing with the static problem, we need
only one component of the propagator in the Coulomb
gauge, namely CD00. From Eq. (4.31), we extract the
following symmetric components:
FD00 =
q2 − Y 20
λ
, FDˇ0α = −Y0Yα
λ
, (5.1)
and
FDˇαβ = −q
2gαβ + YαYβ
λ
. (5.2)
With these expressions, we calculate the temporal part
(3.32) of the skewon propagator in the Coulomb gauge.
It reads
CD00 =
q4k2 − (k2Y0 − ω(k, Y ))2
λk4
, (5.3)
where we use the 3-dimensional scalar product (k, Y ) =
gαβkαYβ . Applying the Lorentz gauge for the skewon
covector, (Y, q) = 0, we replace the scalar product (k, Y )
by ωY0 and rewrite this expression in the form
CD00 =
q4(k2 − Y 20 )
λk4
. (5.4)
With the expression of the λ-function listed in Eq.(4.17),
we have here
CD00 =
q2(k2 − Y 20 )
k4(q2 − Y 2 + (q, Y )2) . (5.5)
For zero skewon, we are left here with the standard ex-
presion CD00 = 1/k
2.
B. Antisymmetric skewon
We consider now some explicit model of the skewon
field. As it is shown in [15], a generic skewon (2)χijkl of
15 independent components can be uniquely represented
by a traceless matrix Si
j . Since we are dealing with the
space endowed with a metric tensor gij , the mixed tensor
Si
j can be replaced by the covariant and contravariant
tensors
Sij = gikSk
j , and Sij = gjkSi
k . (5.6)
9These two tensors depend not only of the skewon itself,
but also of the metric tensor. In this paper, we restrict
ourselves to the Minkowski metric, so this fact is irrel-
evant. The tensors (5.6) have some advantage because
they can be invariantly decomposed into symmetric and
skew-symmetric parts. These two parts do not mix un-
der coordinate transformations, those they can be stud-
ied separately.
Up to an addition of an arbitrary term proportional
to the wave covector qi, the skewon covector Yi can be
presented in the form
Yi = Sijq
j . (5.7)
The case of an antisymmetric matrix Sij = −Sji is
especially simple because it provides the skewon covector
of the regular polynomial form (5.7) even for the Lorentz-
type gauge, (Y, q) = 0. We use the parametrization given
in [32]. Moreover, we consider a special 3-parametric
skewon of the ”electric” type
S0µ = −Sµ0 = αµ . (5.8)
Correspondingly,
Y0 = αµk
µ , Yµ = −αµω . (5.9)
We use here the wave covector parametrized as qi =
(ω, kµ). Observe that the skewon (5.9) indeed satisfies
the gauge condition (Y, q) = 0.
We calculate the square of the skewon covector
Y 2 = α2ω2 − (α, k)2 . (5.10)
Consequently, the denominator of the propagator takes
the form
λ = (ω2 − k2) ((1 + α2)ω2 − (α, k)2 − k2) . (5.11)
The zero set of this function has two branches – two light
cones. In addition to the ordinary circular light cone
ω2 = k2 , (5.12)
there is an elliptic light cone
(1 + α2)ω2 = (α, k)2 + k2 . (5.13)
Comparing the expressions (5.12) and (5.13) we read off
the following consequences, see [32] for detailed discus-
sion:
(1) For an arbitrary real non-zero vector αµ, there are
two separated cones. In optics, this behavior is
refereed to as birefringence.
(2) The elliptic cone is exterior to the circular one. It
means superluminal wave propagation along it. In
other words, the causality is broken down in this
model for an arbitrary non-zero vector αµ.
(3) The cones meet one another along two straight lines
– optic axes.
C. Modification of the Coulomb law
In order to study how the skewon field modifies the
Coulomb law, we use the skewon propagator in the
Coulomb gauge. Substituting (5.9 – 5.10) into (5.5), we
obtain
CD00 =
(−ω2 + k2)(k2 − (α, k)2)
k4
[ − ω2(1 + α2) + k2 + (α, k)2] . (5.14)
In the non-relativistic limit, i.e., neglecting the radia-
tion effects, we can neglect the term ω2/c2 relative to k2.
Consequently we are left with
CD00 =
1
k2
k2 − (α, k)2
k2 + (α, k)2
. (5.15)
Due to the experimental bounds provided recently by Ni,
see [34],[35], the skewon effect must be very small. Thus
we use the approximation (α, k)2 << k2. Consequently
we obtain the temporal part of the skewon modified pho-
ton propagator in the form
CD00 =
1
k2
(
1− 2(α, k)
2
k2
)
. (5.16)
The electromagnetic potential for a point-wise charge q
is calculated by the inverse Fourier transform
ϕ(r) = q
∫
CD00e
i(r,k) d
3k
(2π)3
. (5.17)
The first term of (5.16) provides the standard Coulomb
potential ϕ = q/(4πr). The second term presents the
skewon addition, that is given by the integral
δϕ = −2q
∫
(α, k)2
k4
ei(r,k)
d3k
(2π)3
. (5.18)
This integral expression is familiar from the Breit equa-
tion in QED, see [41]. We have the result of the integra-
tion
δϕ = − q
4πr
(
α2 − (α, r)
2
r2
)
. (5.19)
Consequently, the skewon addition provides anisotropic
modifications of the Coulomb potential
ϕ =
q
4πr
((
1− α2)+ (α, r)2
r2
)
. (5.20)
The corresponding equipotential surfaces are ellipsoids.
They are similar to the wave-front surfaces of the skewon
model [36].
VI. RESULTS AND DISCUSSION
For a generic skewon part of the constitutive tensor, we
evaluated the modified photon propagator in Feynman,
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Landau and Coulomb gauges. This tensor is asymmetric
and singular on the Fresnel hypersurface. It is quite nat-
urally to guess that the same features will emerge for a
more generic medium with an arbitrary linear response
tensor. In the lowest order approximation, we derived
the anisotropic modification of the Coulomb law.
Some natural problems arise in this context:
• What physical interpretation can be given to the
antisymmetric part of the propagator?
• Which new types of the modification of the
Coulomb law emerge from the higher order approx-
imations?
• How the two branches of the birefringent Fresnel
hypersurface influence the modified Coulomb law?
• Which new observational effects such modification
can provide for the atom spectrum? These effects
must be similar to the recently calculated splitting
of the energy levels originated in the Finsler-type
modifications of the Coulomb law [23].
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Appendix A: Determinant and adjoints
1. Determinant of a tensor
In four-dimensional space, the determinant of a covari-
ant (up-indexed) second order tensor M ij can be written
as
detM =
1
4!
εijklεprstM
ipM jrMksM lt . (A1)
The Levi-Civita symbol takes the values ǫijkl =
{+1,−1, 0}, for even, odd, and no permutation of the
indices {0123}, respectively; the analogous is assumed
for the up-indexed Levi-Civita’s symbol ǫijkl. It is can
be checked straightforwardly that the expression on the
right-hand side of Eq.(A1) includes all proper products
of the elements of the matrix M ij with the proper signs
that usually appear in the determinant. The leading fac-
tor 1/4! provides the correct value of the determinant,
thus the formula in Eq.(A1) is proved.
2. First adjoint tensor
The cofactor matrix of a square matrix is constructed
by removing one row and one column of the original ma-
trix and calculating the determinants of the remaining
matrices. The transpose of the cofactor matrix is called
(classical) adjoint or adjugate, or adjunct matrix. In or-
der to simplify the formulas above we use the adjoint
without transpose.
For a covariant (up-indexed) 4×4 tensorM ij we define
the adjoint tensor Aij = adj(M) to be expressed by a
contravariant (down-indexed) second order tensor
Aij =
1
3!
εiabcεjdefM
adM beM cf . (A2)
For some applications, it is convenient to see the adjoint
tensor as a derivative of the determinant relative to the
tensor entries
Aij =
∂ detM
∂M ij
. (A3)
The classical Laplace expansion of the determinant is
written in tenor notations as
M ijAkj = ( detM) δ
i
k , (A4)
or,
M ijAik = (detM) δ
j
k . (A5)
Here the first equation represents the expansion of a de-
terminant along its rows while the second equation means
the expansion along the columns. This equation follows
straightforwardly from the definitions (A1–A2). Using
the transpose of Akj we return in Eq.(A4) to the classi-
cal expansion of the determinant with the standard ”row-
times-column” rule.
In the non-singular case, det(M) 6= 0, tensor M ij has
an inverse tensor that is necessary down-indexed. It is
expressed as
(
M−1
)
ij
=
1
detM
Aij . (A6)
3. Second adjoint
The second adjoint is defined by removing two rows
and two columns from the original matrix. Formally it
can be written as
Bijkl =
1
2!
εijabεklcdM
acM bd . (A7)
From this expression, we read off the symmetries
Bijkl = −Bjikl = −Bijlk . (A8)
We can also arrange this tensor as the derivative of the
first adjoint tensor and even of the determinant itself
Bijkl =
∂ Aik
∂M jl
=
∂2detM
∂M ik∂M jl
. (A9)
The Laplace identity for the second adjoint is readily
derived from the identity given in Eq.(A4). Taking a
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derivative relative to the entries of the tensor M rs we
obtain
∂M ij
∂M rs
Akj +M
ij ∂Akj
∂M rs
= δik
∂ detM
∂M rs
. (A10)
We use the differential identities (A3) and (A9) to obtain
δirδ
j
sAkj +M
ijBkrjs = δ
i
kArs . (A11)
Consequently, the Laplace identity reads
M ijBkrjs = δ
i
kArs − δirAks . (A12)
We observe some consequences of this identity. Contract-
ing the indices i and s, we get
M ijBkrji = Ark −Akr . (A13)
This is in a correspondence with the symmetries (A8).
Contracting of (3.42) relative to the indices i and k, we
have
M ijBirjs = 3Ars . (A14)
The latter identity is a consequence of the order 3 homo-
geneity of the adjoint tensor.
Using the same derivative procedure for the identity
(A5) we derive the second Laplace identity
M ijBirks = δ
j
kArs − δjsArk . (A15)
Appendix B: Calculation of the second adjoint
In this section, we provide the details of the calcula-
tions of the second adjoin (4.21).
1. Calculation of (1)Bijkl
Substituting (4.13) into the first part of (4.21) we have
(1)Bijkl =
1
2!
εijmnεklrsP
mrPns
=
1
2
εijmnεklrs
(
gmrq2 − qmqr) (gnsq2 − qnqs)(B1)
Using the standard formulas for the contraction of two
ε-symbols, we obtain
(1)Bijkl = q
4
∣∣∣∣ gik gilgjk gjl
∣∣∣∣− q2qmqr
∣∣∣∣∣∣
gik gil gir
gjk gjl gjr
gmk gml gmr
∣∣∣∣∣∣
(B2)
We multiply the last row and the last column of the sec-
ond determinant by qr and qm correspondingly
(1)Bijkl = q
4
∣∣∣∣ gik gilgjk gjl
∣∣∣∣ − q2
∣∣∣∣∣∣
gik gil qi
gjk gjl qj
qk ql q
2
∣∣∣∣∣∣ (B3)
Evaluating the second determinant, we obtain
(1)Bijkl = q
2
(
qj
∣∣∣∣ gik gilqk ql
∣∣∣∣− qi
∣∣∣∣ gjk gjlqk ql
∣∣∣∣
)
. (B4)
Consequently,
(1)Bijkl = q
2 (qiqkgjl − qjqkgil + qjqlgik − qiqlgjk) .
(B5)
2. Calculation of (2)Bijkl
Let us calculate the mixed term of the second adjoint
(2)Bijkl = εijmnεklrsP
mrQns
= εijmnεklrs
(
q2gmr − qmqr) εnsptqpYt (B6)
Evaluating the product of two ε-symbols in the term of
a determinant, we have
(2)Bijkl = εijmn
(
q2gmr − qmqr) qpYt
∣∣∣∣∣∣
δnk δ
p
k δ
t
k
δnl δ
p
l δ
t
l
δnr δ
r
r δ
t
r
∣∣∣∣∣∣
= εijmn
(
q2gmr − qmqr)
∣∣∣∣∣∣
δnk qk Yk
δnl ql Yl
δnr qr Yr
∣∣∣∣∣∣
=
∣∣∣∣∣∣
δnk qk Yk
δnl ql Yl
0 0 εijmn
(
Y mq2 − qm(q, Y ))
∣∣∣∣∣∣
= εijmn
(
Y mq2 − qm(q, Y ))
∣∣∣∣ δ
n
k qk
δnl ql
∣∣∣∣ (B7)
Consequently, we obtain
(2)Bijkl = (εijmkql − εijmlqk)
(
Y mq2 − qm(q, Y )) .(B8)
3. Calculation of (3)Bijkl
Let us calculate this expression in the term of the ske-
won optic covector. Substituting (4.12) into (4.27), we
write it as
(3)Bijkl =
1
2!
εiki1i2εjlj1j2Q
i1j1Qi2j2
=
1
2
(
εijmnε
mrabqaYb
)(
εklrsε
nscdqcYd
)
.(B9)
Using the standard formulas for the product of two per-
mutation tensors, we have
εijmnε
mrabqaYb =
∣∣∣∣∣∣
δri δ
a
i δ
b
i
δrj δ
a
j δ
b
j
δrn δ
a
n δ
b
n
∣∣∣∣∣∣ qaYb =
∣∣∣∣∣∣
δri qi Yi
δrj qj Yj
δrn qn Yn
∣∣∣∣∣∣ .
(B10)
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Similarly,
εklrsε
nscdqcYd =
∣∣∣∣∣∣
δnk δ
c
k δ
d
k
δnl δ
c
l δ
d
l
δnr δ
c
r δ
d
r
∣∣∣∣∣∣ qcYd =
∣∣∣∣∣∣
δri qk Yk
δrj ql Yl
δrn qr Yr
∣∣∣∣∣∣ .
(B11)
Thus
(3)Bijkl =
1
2
∣∣∣∣∣∣
δri qi Yi
δrj qj Yj
δrn qn Yn
∣∣∣∣∣∣ ·
∣∣∣∣∣∣
δri qk Yk
δrj ql Yl
δrn qr Yr
∣∣∣∣∣∣ (B12)
Expanding the third-order determinants, we have
(3)Bijkl =
1
2
(
δri
∣∣∣∣ qj Yjqn Yn
∣∣∣∣− δrj
∣∣∣∣ qi Yiqn Yn
∣∣∣∣+ δrn
∣∣∣∣ qi Yiqj Yj
∣∣∣∣
)
·
(
δnk
∣∣∣∣ ql Ylqr Yr
∣∣∣∣− δnl
∣∣∣∣ qk Ykqr Yr
∣∣∣∣+ δnr
∣∣∣∣ qk Ykql Yl
∣∣∣∣
)
(B13)
Term by term multiplication yields
(3)Bijkl =
∣∣∣∣ qj Yjqk Yk
∣∣∣∣
∣∣∣∣ ql Ylqi Yi
∣∣∣∣−
∣∣∣∣ qj Yjql Yl
∣∣∣∣
∣∣∣∣ qk Ykqi Yi
∣∣∣∣
= (qjYk − qkYj)(qlYi − qiYl)−
(qjYl − qlYj)(qkYi − qiYk)
= (qiYj − qjYi)(qkYl − qlYk) . (B14)
Expanding these expressions, we come to a compact for-
mula
(3)Bijkl = (qiYj − qjYi)(qkYl − qlYk) . (B15)
It can be written also in a matrix form
(3)Bijkl =
∣∣∣∣ qi Yiqj Yj
∣∣∣∣
∣∣∣∣ qk Ykql Yl
∣∣∣∣ . (B16)
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